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ABSTRACT 
In order to enhance the magnitude of spin-orbit torque (SOT), considerable 
experimental works have been devoted to studying the thickness dependence of the 
different layers in multilayers consisting of heavy metal (HM), ferromagnet (FM) and 
capping layers. Here we present a theoretical model based on the spin-drift-diffusion 
(SDD) formalism to investigate the effect of the capping layer properties such as its 
thickness on the SOT observed in experiments. It is found that the spin Hall-induced 
SOT can be significantly enhanced by incorporating a capping layer with opposite spin 
Hall angle to that of the HM layer. The spin Hall torque can be maximized by tuning 
the capping layer thickness. However, in the absence of the spin Hall effect (SHE) in 
the capping layer, the torque decreases monotonically with capping layer thickness. 
Conversely, the spin Hall torque is found to decrease monotonically with the FM layer 
thickness, irrespective of the presence or absence of SHE in the capping layer. All these 
trends are in correspondence with experimental observations. Finally, our model 
suggests that capping layers with long spin diffusion length and high resistivity would 
also enhance the spin Hall torque.       
 
I. INTRODUCTION 
Spin-orbit torques (SOTs) have recently become one of the most active research 
topic in spintronics due to their prospective applications in realizing current-induced 
magnetization switching (CIMS)1,2, persistent magnetization oscillation3 and fast 
domain wall motion4,5. SOT is conventionally induced by applying an in-plane current 
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through heavy metal (HM)/ ferromagnet (FM)/ Cap multilayers. In a HM with strong 
spin-orbit coupling, electrons are spin polarized and subsequently transfer angular 
momentum to the adjacent FM layer. Thus, they exert SOT on the FM, which can switch 
the magnetization. There are at least two mechanisms which can contribute to this 
phenomenon, namely the bulk spin Hall effect, and the interfacial Rashba effect.6,7  
In order to enhance the magnitude of SOT, considerable experimental works have 
been devoted to studying the effects of using different HM materials replacement, 
varying the HM and FM layer thicknesses, as well as the physical attributes of the 
capping layer.8-11 Commonly used capping layer materials include Cu and oxides such 
as MgO. In these structures, the capping layer merely performs a protective function. It 
has also been reported that SOT can be enhanced experimentally by using another HM  
as a capping layer in which the two HMs possess opposite spin Hall angles.11,12 Among 
HM materials, Pt and Ta have been widely used due to their relatively high positive and 
negative spin Hall angles, respectively.1,8,13 Recently, W and Hf have also been studied 
as negative spin Hall materials.9,11,14,15 It was observed that the SOT can be optimized 
by varying the different layer thicknesses of the trilayer structure and engineering the 
physical properties of the capping layer, an optimized SOT can be achieved.10,11  
To explain these experimental results and understand the underlying physics, we 
develop a model based on the spin-drift-diffusion (SDD) theory. Specifically, the model 
would be used to study the effect of capping layer on SOTs in perpendicularly 
magnetized HM/FM/Cap systems (Fig. 1). Here we consider two cases: i) a capping 
layer which acts only as a protective layer, e.g., one made of normal metal (NM), and 
ii) a capping layer made of HM material, that provides a spin polarized current source 
via the spin Hall effect. For case i), we find that SOT decreases with increasing capping 
layer thickness (𝑡𝐶𝑎𝑝), in agreement with the experimental results from Ref. 10 where 
Cu is used as the capping layer. While for case ii), the calculations reveal a maximum 
value of SOT, as has been realized in experiments.11 We also investigate the HM and 
FM layer thickness dependence of the SOT, and obtain the same trends reported in 
previous experimental works.8-11 In addition to the thickness dependence, we also 
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assess how other physical properties of the capping layer such as the spin diffusion 
length and resistivity affect the SOT, and suggest a means to enhance it. However, the 
drift-diffusion approach being used in our present model does not capture the effect of 
interfacial spin-orbit coupling, i.e., we focus only on the bulk spin Hall effect in the 
absence of interfacial Rashba effect. 
 
II. THEORY AND MODEL 
The spin-drift-diffusion (SDD) approach of Valet and Fert16 is based on integrating 
the Boltzmann equation to derive transport equations that relate the charge and spin 
densities on the corresponding currents. The diffusion equation for arbitrary spin 
quantization axis is described by a (2 × 2) matrix equation in spin space,17,18 
                     ?̂? ⋅
𝜕2?̂?
𝜕𝑧2
=
1
𝜏𝑠𝑓
[?̂? − 1̂
𝑇𝑟{?̂?}
2
] ,                        (1) 
where ?̂? is the spin diffusion matrix, 1̂ is the unit matrix, ?̂? is the electrochemical 
potential and 𝜏𝑠𝑓 is the spin-flip relaxation time. The corresponding charge and spin 
current equations are given by 
𝑗̂ = −?̂? ⋅
𝜕?̂?
𝜕𝑧
 ,                            (2) 
                
FIG. 1.  Schematic diagram of the HM/FM/Cap multilayers in this work. Here the FM possesses 
perpendicular magnetic anisotropy (PMA), and we assume the local magnetization direction is 
perpendicular to plane (i.e. along the 𝑧 direction) in the FM. The charge current 𝐼0 flows in-plane and 
introduces spin polarized currents due to the spin Hall effect (SHE) in the HM. Here we will focus on 
perpendicular-to-plane transport along the 𝑧 axis.  
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where 𝑗̂ is the current matrix, which incorporates the usual charge current 𝑗𝑐 and spin 
current 𝑗𝑠 via the relation: 𝑗̂ =
1
2
(𝑗𝑐1̂ + 𝑗𝑠?̂?) . We now consider the solutions to  ?̂? 
and 𝑗̂ in Eqs. (1) and (2) within the FM and NM layers shown schematically in Fig. 1, 
respectively. 
 
A. Spin currents and spin accumulation in FM layer 
     In the FM layer, electron spins are aligned along the local magnetization direction 
due to a strong exchange field over a length scale much smaller than the mean free path 
or the spin diffusion length. The spin current polarized transverse to the magnetization 
direction quickly dissipates due to a precession-induced dephasing of spins. In other 
words, the transverse components (i.e., 𝑥 and 𝑦 components) of spin current are 
much smaller than that polarized along the local magnetization direction (i.e., 𝑧 
direction). Since the spin reference axis is defined along the local magnetization 
direction, the off-diagonal terms representing the transverse spin components in ?̂? and 
𝑗̂  can be treated as negligible within the FM layer. Considering its longitudinal 
component along the local magnetization direction (i.e., diagonal terms in the matrix) 
first, we have the usual collinear equation: 
𝐷↑(↓)
𝜕2𝜇↑(↓)
𝜕𝑧2
=
1
2𝜏𝑠𝑓
[𝜇↑(↓) − 𝜇↓(↑)],                    (3) 
where ↑ and ↓ denote spin up and down. Eq. (3) can be rearranged to yield 
                       
𝜕2(𝜇↑−𝜇↓)
𝜕𝑧2
=
1
(𝑙𝑠𝑓
𝐿 )2
(𝜇↑ − 𝜇↓),                            (4) 
                      
𝜕2(𝜇↑+𝜇↓)
𝜕𝑧2
= 𝜂
𝜕2(𝜇↑−𝜇↓)
𝜕𝑧2
,                              (5) 
where 𝑙𝑠𝑓
𝐿  is the longitudinal spin diffusion length which is defined as 
1
(𝑙𝑠𝑓
𝐿 )
2 = (
1
𝑙↑
2 +
1
𝑙↓
2)/2 with 𝑙↑
2 = 𝐷↑𝜏𝑠𝑓 and 𝑙↓
2 = 𝐷↓𝜏𝑠𝑓, and 𝜂 is the spin asymmetry of the diffusion 
coefficients, i.e. 𝜂 = (𝐷↓ − 𝐷↑)/(𝐷↓ + 𝐷↑). Eq. (4) is equivalent to 
∂2∆𝜇
∂𝑧2
=
∆𝜇
𝑙𝑠𝑓
2  derived 
from the Boltzmann equation by Valet and Fert.16 The solutions of Eqs. (4) and (5) are 
        𝜇↑ = (𝜂 + 1) [𝐴 exp (
𝑧
𝑙𝑠𝑓
𝐿 ) + 𝐵 exp (
−𝑧
𝑙𝑠𝑓
𝐿 )] + 𝐶𝑧 + 𝐺,               (6)                                    
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           𝜇↓ = (𝜂 − 1) [𝐴 exp (
𝑧
𝑙𝑠𝑓
𝐿 ) + 𝐵 exp (
−𝑧
𝑙𝑠𝑓
𝐿 )] + 𝐶𝑧 + 𝐺,             (7) 
where 𝐴 , 𝐵 , 𝐶 and 𝐺 are coefficients to be determined by boundary conditions 
which will be discussed later. Charge and longitudinal spin chemical potential can be 
defined as 𝜇𝑐 = (𝜇↑ + 𝜇↓)/2 and 𝜇𝑠
𝐿 = (𝜇↑ − 𝜇↓)/2, respectively. From Eqs. (6) and 
(7), the expressions of these are given by 
                  𝜇𝑐 = 𝜂 [𝐴 exp (
𝑧
𝑙𝑠𝑓
𝐿 ) + 𝐵 exp (
−𝑧
𝑙𝑠𝑓
𝐿 )] + 𝐶𝑧 + 𝐺,             (8) 
                       𝜇𝑠
𝐿 = 𝐴 exp (
𝑧
𝑙𝑠𝑓
𝐿 ) + 𝐵 exp (
−𝑧
𝑙𝑠𝑓
𝐿 ).                    (9) 
Similarly, the transverse components of spin chemical potential 𝜇𝑠
𝑇 take the same form 
as Eq. (9), but with a different value of transverse diffusion length 𝑙𝑠𝑓
𝑇 .19,20 Here we 
introduce 𝑙𝑠𝑓
𝑇   in a diffusive manner to describe the indeed dephasing process. This 
dephasing happens over a distance much smaller than the longitudinal spin diffusion 
length 𝑙𝑠𝑓
𝐿  in normal transition metal ferromagnets and their alloys.18,21,22 Thus, 𝑙𝑠𝑓
𝑇  is 
introduced as an input parameter which is one order of magnitude smaller than 𝑙𝑠𝑓
𝐿  in 
our model. This approximation also ensures spin transverse components can be treated 
as negligible compared to that along the local magnetization direction.6,20 The 
corresponding charge and spin currents can be readily obtained by substituting Eqs. (8) 
and (9) into Eq. (2). We then obtain 
      𝑗𝑐 = −𝐶(𝐷↑ + 𝐷↓) ,                            (10) 
             𝑗𝑠
𝐿 = −𝐶(𝐷↑ − 𝐷↓) −
2?̃?
𝑙𝑠𝑓
𝐿 [𝐴 exp (
𝑧
𝑙𝑠𝑓
𝐿 ) − 𝐵 exp (
−𝑧
𝑙𝑠𝑓
𝐿 )] ,        (11)  
where ?̃? = 2𝐷↑𝐷↓/(𝐷↑+𝐷↓). As for transverse spin currents 𝑗𝑠
𝑇, only the second term 
in Eq. (11) exists with a finite 𝑙𝑠𝑓
𝑇 ,20,23,24 i.e., 𝑗𝑠
𝑇 = −
2?̃?
𝑙𝑠𝑓
𝑇 [𝐴 exp (
𝑧
𝑙𝑠𝑓
𝑇 ) − 𝐵 exp (
−𝑧
𝑙𝑠𝑓
𝑇 )]. 
Actually, since we only consider the transport in the vertical 𝑧 direction under an 
applied charge current in the in-plane (𝑥 − 𝑦 plane) direction, there is zero net charge 
current flow in the 𝑧 direction, as expressed in Eq. (10). This assumption holds for all 
values of 𝑧, i.e., for all layers in the whole structure. 
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B. Spin currents and spin accumulation in HM/Cap layer 
In the normal metal (NM), the spin and charge chemical potential satisfy the 
following drift-diffusion equations 
 
𝜕2𝜇𝑐
𝜕𝑧2
= 0,                                  (12) 
                          
𝜕2𝜇𝑠
𝜕𝑧2
=
𝜇𝑠
𝑙𝑠𝑓
2 .                                  (13) 
The solutions of Eqs. (12) and (13) are 
                       𝜇𝑐 = −𝐶𝑧 + 𝐺 ,                                (14)   
                    
 
𝜇𝑠 = 𝐴 exp (
𝑧
𝑙𝑠𝑓
) + 𝐵 exp (
−𝑧
𝑙𝑠𝑓
) .
                    
(15) 
 
 
The above equations correspond to Eqs. (8) and (9) for the FM layer, in the limit of 
𝜂 = 0 due to 𝐷↑ = 𝐷↓  in the NM. Note that in the NM layer, the expressions for 
longitudinal and transverse spin components take the same form, and therefore we do 
not differentiate between them. In our system, we treat the heavy metal (HM) layer as 
a NM layer exhibiting a spin Hall effect, so that the spin current in HM consists of 
diffusion and spin Hall drift contributions. Thus, Eq. (2) is modified to 𝑗𝑠 = −𝐷
𝜕𝜇𝑠
𝜕𝑧
+
𝑗𝑠𝐻, where 𝑗𝑠𝐻 is the bare spin Hall current generated directly by the SHE from the 
applied in-plane charge current 𝑗0. In practical experiments, 𝑗0 is applied to the whole 
stack and will be proportionately shunted into all three layers of the stack as described 
by  
𝑗0
𝐻𝑀 =
1
𝜌𝐻𝑀
𝑡𝐹𝑀+𝑡𝐻𝑀+𝑡𝐶𝑎𝑝
𝑡𝐹𝑀/𝜌𝐹𝑀+𝑡𝐻𝑀/𝜌𝐻𝑀+𝑡𝐶𝑎𝑝/𝜌𝐶𝑎𝑝
𝑗0 ,              (16) 
𝑗0
𝐶𝑎𝑝 =
1
𝜌𝐶𝑎𝑝
𝑡𝐹𝑀+𝑡𝐻𝑀+𝑡𝐶𝑎𝑝
𝑡𝐹𝑀/𝜌𝐹𝑀+𝑡𝐻𝑀/𝜌𝐻𝑀+𝑡𝐶𝑎𝑝/𝜌𝐶𝑎𝑝
𝑗0 ,             (17) 
where 𝑗0
𝐻𝑀(𝐶𝑎𝑝)
 is the in-plane charge current being shunted into HM (Cap) layer, and 
𝑡 represents the thickness and 𝜌 the resistivity of each layer. The spin Hall current 
generated in a HM (Cap) layer by 𝑗0  can be expressed as 𝑗𝑠𝐻
𝐻𝑀(𝐶𝑎𝑝)
=
𝜃𝑠𝐻
𝐻𝑀(𝐶𝑎𝑝)
𝑗0
𝐻𝑀(𝐶𝑎𝑝)
, where 𝜃𝑠𝐻
𝐻𝑀(𝐶𝑎𝑝)
 is the so-called spin Hall angle of HM (Cap) layer. 
Here, we treat the values of the spin Hall angles as input parameters, which can be 
extracted from experiments. For comparison, we also consider the case of a capping 
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layer without spin Hall effect, i.e., 𝜃𝑠𝐻
𝐶𝑎𝑝 = 0. Having considered the magnitude of the 
spin Hall current, we now turn to its polarization direction. We assume a planar Hall 
effect (PHE), where 𝑗𝑠𝐻 is polarized in an arbitrary in-plane (𝑥 − 𝑦 ) direction with 
angle 𝜃 between 𝑗𝑠𝐻 and the 𝑥 axis. Thus, as before, in the polarization direction of 
𝑗𝑠𝐻 we have: 𝑗𝑠,∥𝑠𝐻 = −𝐷
𝜕𝜇𝑠,∥𝑠𝐻
𝜕𝑧
+ 𝑗𝑠𝐻, while in the perpendicular direction current: 
𝑗𝑠,⊥𝑠𝐻 = −𝐷
𝜕𝜇𝑠,⊥𝑠𝐻
𝜕𝑧
. The spin current expressions in the 𝑥 and 𝑦 directions are then 
given by 
                     𝑗𝑠,𝑥 =  𝑗𝑠,∥𝑠𝐻cos𝜃 − 𝑗𝑠,⊥𝑠𝐻sin𝜃,                      (18) 
                     𝑗𝑠,𝑦 =  𝑗𝑠,∥𝑠𝐻sin𝜃 + 𝑗𝑠,⊥𝑠𝐻cos𝜃.                      (19) 
Similar transformations are also applied to spin chemical potential 𝜇𝑠. 
 
C. Boundary conditions and spin Hall torque 
In order to solve the unknown set of coefficients in the expressions given above, 
appropriate boundary conditions need to be implemented. The first set of boundary 
conditions comes from zero spin accumulation 𝜇𝑠 = 0 at the terminals of the device. 
It is assumed that semi-infinite non-magnetic metal leads are attached to both ends of 
the system at 𝑧 = 𝐿0 and 𝐿3 (see Fig. 1). It has been pointed this approximation is 
consistent with a metal contact with infinite conductivity,18-20 which can be achieved 
by having a NM lead with a much larger cross-sectional area than the submicrometre-
sized region of the device. Thus, it is reasonable to apply the zero spin accumulation 
boundary condition at the terminals. Additionally, we also set the electrostatic potential 
to be grounded at one end, i.e., 𝜇𝑐(𝑧 = 𝐿3) = 0. 
The second set of boundary conditions are related to electrochemical potentials 
and charge and spin currents, which are determined by the spin-dependent interfacial 
conductance at 𝐿1 and 𝐿2, i.e., 𝐺↑, 𝐺↓ and 𝐺↑↓. 𝐺↑(↓) is the interfacial conductance 
experienced by majority (minority) spin electrons polarized along the local 
magnetization 𝑧 direction, while 𝐺↑↓ represents the spin mixing conductance that 
couples the two transverse (i.e. 𝑥 and 𝑦) components of the spin accumulation across 
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the interface. 𝐺↑(↓) may be characterized by a spin asymmetry factor γ , i.e., 𝐺↑ =
𝐺0(1 + γ)/2 and 𝐺↓ = 𝐺0(1 − γ)/2. 𝐺↑(↓) relates the charge and spin currents to the 
discontinuity in the electrochemical potentials across the interfaces 𝑧 = 𝐿1 and 𝐿2, 
such that the boundary conditions are given by18,25 
      𝑗𝑐|𝑧=𝐿1,𝐿2 = (𝐺↑ + 𝐺↓)∆𝜇𝑐|𝑧=𝐿1,𝐿2 + (𝐺↑ − 𝐺↓)∆𝜇𝑠|𝑧=𝐿1,𝐿2 ,          (20) 
      𝑗𝑠,𝑧|𝑧=𝐿1,𝐿2 = (𝐺↑ − 𝐺↓)∆𝜇𝑐|𝑧=𝐿1,𝐿2 + (𝐺↑ + 𝐺↓)∆𝜇𝑠|𝑧=𝐿1,𝐿2 ,         (21)        
where ∆𝜇𝑐 is the charge chemical potential discontinuity across the interface, and 
similarly for ∆𝜇𝑠. The spin mixing conductance 𝐺↑↓, includes both reflected mixing 
conductance 𝐺↑↓
𝑟   and transmitted mixing conductance 𝐺↑↓
𝑡  . The transverse spin 
currents across the interfaces 𝑧 = 𝐿1 and 𝐿2 can be expressed through the reflection 
and transmission matrices.25 The derivation of these boundary conditions is given in the 
Appendix. From these boundary conditions, the transverse spin currents at the 
interfaces are given by10                
𝑗𝑠,𝑦|𝑧=𝐿1 = −2Im[𝐺↑↓
𝑡 ]𝜇𝑠,𝑥|𝑧=𝐿1+−2Re[𝐺↑↓
𝑡 ]𝜇𝑠,𝑦|𝑧=𝐿1++2Im[𝐺↑↓
𝑟 ]𝜇𝑠,𝑥|𝑧=𝐿1−+2Re[𝐺↑↓
𝑟 ]𝜇𝑠,𝑦|𝑧=𝐿1− , (22) 
𝑗𝑠,𝑥|𝑧=𝐿1 = 2Im[𝐺↑↓
𝑡 ]𝜇𝑠,𝑦|𝑧=𝐿1+ −2Re[𝐺↑↓
𝑡 ]𝜇𝑠,𝑥|𝑧=𝐿1+−2Im[𝐺↑↓
𝑟 ]𝜇𝑠,𝑦|𝑧=𝐿1−+2Re[𝐺↑↓
𝑟 ]𝜇𝑠,𝑥|𝑧=𝐿1− ,  (23) 
𝑗𝑠,𝑦|𝑧=𝐿2 = 2Im[𝐺↑↓
𝑡 ]𝜇𝑠,𝑥|𝑧=𝐿2− +2Re[𝐺↑↓
𝑡 ]𝜇𝑠,𝑦|𝑧=𝐿2−−2Im[𝐺↑↓
𝑟 ]𝜇𝑠,𝑥|𝑧=𝐿2+−2Re[𝐺↑↓
𝑟 ]𝜇𝑠,𝑦|𝑧=𝐿2+,  (24) 
𝑗𝑠,𝑥|𝑧=𝐿2 = −2Im[𝐺↑↓
𝑡 ]𝜇𝑠,𝑦|𝑧=𝐿2−+2Re[𝐺↑↓
𝑡 ]𝜇𝑠,𝑥|𝑧=𝐿2−+2Im[𝐺↑↓
𝑟 ]𝜇𝑠,𝑦|𝑧=𝐿2+−2Re[𝐺↑↓
𝑟 ]𝜇𝑠,𝑥|𝑧=𝐿2+. (25) 
Note that at the left hand side of the above four equations, we have already applied the 
continuity relations for transverse spin currents, e.g., 𝑗𝑠,𝑦|𝑧=𝐿1+ = 𝑗𝑠,𝑦|𝑧=𝐿1− = 𝑗𝑠,𝑦|𝑧=𝐿1. 
To simplify the calculation, the imaginary part of the mixing conductance can be 
neglected as it is approximately an order of magnitude smaller than the real part.10 By 
implementing the above boundary conditions Eqs. (20) to (25), we can solve for the 
chemical potentials and currents throughout the HM/FM/Cap trilayer.  
In this work, we aim to analyze the spin torque exerted to the FM layer. The spin 
Hall torque is defined as the difference between the transverse spin current at the two 
interfaces, which represents the absorbed transverse spin current in the FM layer,10 i.e., 
𝜏 = 𝑗𝑠,𝑦|𝑧=𝐿1 − 𝑗𝑠,𝑦|𝑧=𝐿2.                      (26) 
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Note that in the absence of interfacial spin-flip scattering, spin transport transverse to 
the magnetization becomes decoupled from that longitudinal to it. As a result, only 
transverse (i.e. 𝑥 and 𝑦) components with their corresponding boundary conditions 
need to be solved in order to calculate the spin Hall torque defined in Eq. (26).  
 
III.  RESULTS AND DISCUSSION 
In our model, we consider two types of capping layer as mentioned before: i) 
capping layer that acts only as a protective layer, e.g. normal metal (NM); or ii) capping 
layer that acts as another heavy metal (HM) layer which serves as a spin-polarized 
current source via the spin Hall effect. Thus, we consider a trilayer comprising of a HM 
layer made of Pt, ferromagnetic layer (FM) of Co, and capping layer of Cu (NM) or W 
(HM) representing the above two cases, respectively. For our numerical calculations, 
we assume known experimental values for the bulk material parameters:6,11,18,20 i) in 
HM layer, the parameter values are 𝜌Pt = 20 𝜇Ω ∙ cm and 𝑙𝑠𝑓
Pt = 2.57 nm; ii) in FM 
layer, 𝜌Co = 16 𝜇Ω ∙ cm , 𝑙𝑠𝑓
𝐿,Co = 60 nm , 𝑙𝑠𝑓
𝑇,Co = 1 nm  and 𝜂 = 0.4 ; iii) in NM 
capping layer, 𝜌Cu = 2.86 𝜇Ω ∙ cm and 𝑙𝑠𝑓
Cu = 140 nm; and iv) in HM capping layer, 
𝜌W = 35 𝜇Ω ∙ cm and 𝑙𝑠𝑓
W = 2.1 nm. For the interfacial conductance, we assume the 
values used by Refs. 10 and 18 since there are no available experimental measurements, 
i.e., 𝐺↑ = 0.42 × 10
15 Ω−1m−2 , 𝐺↓ = 0.36 × 10
15 Ω−1m−2 , Re[𝐺↑↓
𝑟 ] = 0.5 ×
1015 Ω−1m−2 and Re[𝐺↑↓
𝑡 ] = 0.05 × 1015 Ω−1m−2. As mentioned before, spin Hall 
current generated in the HM (Cap) layer can be described by the spin Hall angle. The 
spin Hall angles assumed for different materials are 𝜃𝑠𝐻
Pt = 0.1, 𝜃𝑠𝐻
Cu = 0 and 𝜃𝑠𝐻
W =
−0.2.11,26 
 
A. Layer thickness dependence of SOT 
First, the effects of capping layer thickness on the spin Hall torque are 
investigated. We plot the spin Hall torque as a function of the capping layer thickness 
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𝑡𝐶𝑎𝑝 which is varied from 0 (no capping layer) to 10 nm for case i) 𝜃𝑠𝐻
Cu = 0 and ii) 
𝜃𝑠𝐻
W = −0.2 , respectively. Note that the magnitude of spin Hall torque has been 
normalized by the in-plane charge current density with 𝑡𝐶𝑎𝑝 = 0 nm (i.e., a fixed 
charge current density). In Fig. 2(a), it is assumed in case i) that there is no spin Hall 
effect (i.e. 𝜃𝐶𝑎𝑝 = 0 ) in the Cu capping layer. The spin Hall torque decreases with 
increasing 𝑡𝐶𝑎𝑝, which corresponds to the trend observed experimentally. In the inset 
of Fig. 2(a), we consider data from an experimental work (Ref. 10) and plot the SOT 
switching efficiency as a function of Cu capping layer thickness. The decreasing trend 
in the torque magnitude with increasing  𝑡𝐶𝑎𝑝 closely matches the theoretical results. 
However, as can be seen from Fig. 2(b), in the case of ii) capping layer of W which acts 
as another HM with an opposite spin Hall angle (i.e., 𝜃𝐶𝑎𝑝 < 0 ), spin Hall torque 
achieves a maximum value at  𝑡𝐶𝑎𝑝~2 nm, at which point the general decreasing trend 
starts to overcome the second SHE source from the capping layer. This behavior 
corresponds closely to that observed from another experimental work (Ref. 11), in 
which a torque maximum occurs at  𝑡𝐶𝑎𝑝~2 nm, as shown in the inset of Fig. 2(b). 
Note that, as shown in the inset, the magnitude of SOT is calibrated by measuring the 
SOT effective field. Comparing cases i) and ii), besides the presence of a torque 
maximum, it can also be seen that the magnitude of spin Hall torque is generally 
enhanced by the presence of spin Hall effect in the capping layer. This is understandable 
since we have two HMs with opposite spin Hall angles, i.e., two sources which 
contribute to spin polarized currents of the same sign, thus enhancing the resultant spin 
Hall torque. However, as can be seen from the yellow dotted line in Fig. 2(a), if the 
capping layer is a HM with 𝜃𝐶𝑎𝑝 > 0 (i.e. having the same sign as the other HM layer), 
it will compensate the spin Hall current generated in the other HM, resulting in a 
reduction of spin Hall torque. In this case, the capping layer thickness dependence 
shows a similar trend to the case when 𝜃𝐶𝑎𝑝 = 0 (the blue solid line) in the same figure. 
The above results suggest that one could use a capping layer as another HM, but with 
an opposite spin Hall angle, in order to enhance the spin Hall torque and achieve a 
torque maximum at a certain capping layer thickness.  
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Next, we study how the variation of FM layer thickness affects the magnitude of 
spin Hall torque (see Fig. 3). Similarly, the magnitude of spin Hall torque is normalized 
by the in-plane charge current density with 𝑡𝐶𝑎𝑝 = 2nm and 𝑡𝐹𝑀 = 0 nm. Fig. 3(a) 
shows spin Hall torque as a function of 𝑡𝐹𝑀 which is varied from 0 to 10 nm in case i) 
when using Cu as a capping material (i.e. 𝜃𝐶𝑎𝑝 = 0). The spin Hall torque decreases 
with increasing 𝑡𝐹𝑀 after achieving a peak at 𝑡𝐹𝑀 is smaller than 1 nm. This trend 
corresponds to the experimental data from Ref. 10 as shown in the inset, where MgO  
and Ru were used as capping layer. MgO is a widely used capping layer with 𝜃𝐶𝑎𝑝 = 0 
while Ru possesses a negligible spin Hall angle.27 In this experimental work, the 
measured quantity is the SOT switching efficiency which is a measure of the spin torque 
acting on the FM layer. Note that the experimental measurements do not start 
from 𝑡𝐹𝑀 = 0 nm but from 𝑡𝐹𝑀 = 0.9 nm because a finite thickness of the FM layer 
is needed to realize magnetization switching. As a result, the decreasing trend seen 
experimentally to some extent corresponds to our simulation results for 𝑡𝐹𝑀 larger 
than 1 nm. Fig. 3(b) shows the result in case ii) when using W as a capping layer (i.e., 
𝜃𝐶𝑎𝑝 < 0), in which the trend of spin Hall torque is similar to case i). It can be also seen 
that the magnitude of spin Hall torque has been significantly enhanced in case ii). In 
 
FIG. 2. The normalized torque as a function of capping layer thickness  𝑡𝐶𝑎𝑝 from 0 to 10 nm with 
(a) Cu as capping layer (i.e., 𝜃𝐶𝑎𝑝 = 0), in which we also plot the case for 𝜃𝐶𝑎𝑝 > 0 for comparison 
as shown by the yellow dotted line; (b) W as capping layer (i.e., 𝜃𝐶𝑎𝑝 < 0 ). Here we set  𝑡𝐻𝑀 =
4 nm and  𝑡𝐹𝑀 = 0.8 nm. The insets are experimental results with corresponding capping material 
adapted from Refs. 10 and 11, respectively, which indicate similarity between the simulation and the 
experimental results.   
 
 
 
 
 
 
 
 
FIG. 2. The normalized torque as a function of capping layer thickness  𝑡𝐶𝑎𝑝 from 0 nm to 10 nm with (a) Cu as 
capping layer (i.e., 𝜃𝐶𝑎𝑝 = 0). Noted here we also plot the case for 𝜃𝐶𝑎𝑝 > 0 for comparison as the dash yellow 
line shows;(b) W as capping layer (i.e., 𝜃𝐶𝑎𝑝 < 0 ). Here we set  𝑡𝐻𝑀 = 4 nm and  𝑡𝐹𝑀 = 0.8 nm. The insets are 
experimental results with corresponding capping material adapted from  and , respectively, which indicate the 
similarity between simulation and experiments.   
 
 
 
12 
 
general, the spin Hall torque shows a similar trend with 𝑡𝐹𝑀, i.e., it decreases after 
achieving a maximum at a small thickness 𝑡𝐹𝑀, regardless of whether the capping layer 
is a NM or HM. This peak value occurs at 𝑡𝐹𝑀  that is comparable to 𝑙𝑠𝑓
𝑇   (i.e., 
transverse spin diffusion length of a FM), above which the absorption of transverse spin 
currents which gives rise to the spin torque starts to saturate.10,28 In addition, by 
comparing with the yellow dotted line in Fig. 3(b), it can be seen a shorter 𝑙𝑠𝑓
𝑇  results 
in increased magnitude of spin Hall torque, which can be explained by the fact that a 
strong 𝑠 -𝑑 coupling leads to fast relaxation of transverse spin accumulation. This 
dependence of 𝑙𝑠𝑓
𝑇  also applies in the case of 𝜃𝐶𝑎𝑝 = 0 shown in Fig. 3(a), and a more 
accurate value of 𝑙𝑠𝑓
𝑇  need to be experimentally determined to see if a better fit can be 
achieved with the faster decay trend seen in the inset experimental data (Ref. 10), based 
on a FM layer made of Co-Ni alloy.  
 
 
FIG. 3. The normalized torque as a function of FM layer thickness 𝑡𝐹𝑀 from 0 to 10 nm with (a) Cu as 
capping layer (i.e., 𝜃𝐶𝑎𝑝 = 0) and (b) W as capping layer (i.e., 𝜃𝐶𝑎𝑝 < 0 ), for which we also plot the 
case of longer 𝑙𝑠𝑓
𝑇  (i.e., 𝑙𝑠𝑓
𝑇 = 5 nm), shown by the yellow dotted line, for comparison. Here we set 
𝑡𝐻𝑀 = 4 nm and 𝑡𝐶𝑎𝑝 = 2 nm. The inset in (a) is the experimental result with 𝜃𝐶𝑎𝑝 = 0 adapted from 
Ref. 10, which indicates the correspondence between the simulation and experimental trends for 𝑡𝐹𝑀 ≥
1 nm. 
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In addition, we investigate the HM thickness dependence of spin Hall torque. Here 
we only plot spin Hall torque as a function of 𝑡𝐻𝑀 in case i), i.e., 𝜃𝐶𝑎𝑝 = 0. This is 
because 𝑡𝐻𝑀  dependence when 𝜃𝐶𝑎𝑝 < 0  has already been discussed in Fig. 2. 
Besides, our previous calculations are based on 𝜃𝐻𝑀 > 0 since we had assumed Pt to 
be the HM layer. Now in order to compare with available experimental results using Hf 
which possesses a negative spin Hall angle as a HM layer, we modelled the case when 
𝜃𝐻𝑀 < 0 in Fig. 4. The spin Hall torque increases in magnitude with increasing 𝑡𝐻𝑀 
from 0 to 10 nm with the torque saturating in magnitude at around 𝑡𝐻𝑀 = 6 nm. The 
results are in correspondence with comparable experimental results from Ref. 9 as 
shown in the inset of Fig. 4, which exhibits a similar trend. In the experiment of Ref. 9, 
the measured quantity is the SOT effective field which represents the spin Hall torque 
of our simulation. These results may be understood by noting that the relative amount 
of current flowing into the HM layer increases as its thickness is increased, thus 
generating a larger spin Hall current. However, the spin Hall current injection and hence 
the spin torque magnitude saturates as 𝑡𝐻𝑀 approaches and exceeds the spin diffusion 
length of HM.8,29,30 The similarity between our simulation and experiments also 
indicates that as 𝑡𝐻𝑀 increases, the bulk spin Hall effect contributes to the observed 
saturation behavior of SOT. In addition, it has been indicated that the interfacial Rashba 
effect could significantly affect SOT at smaller 𝑡𝐻𝑀 .
9 However, the relative 
contributions of the bulk and interfacial spin torque still remain to be resolved.  
 
FIG. 4. The normalized torque as a function of HM layer thickness 𝑡𝐻𝑀 from 0 to 10 nm with Cu as 
capping layer (i.e., 𝜃𝐶𝑎𝑝 = 0 ). Here we set 𝑡𝐹𝑀 = 0.8 nm  and 𝑡𝐶𝑎𝑝 = 2 nm . The inset is the 
experimental results with 𝜃𝐻𝑀 < 0 and 𝜃𝐶𝑎𝑝 = 0 from Ref. 9, thus indicating similarity between the 
simulation and experimental results. 
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B. Capping layer dependence of SOT 
 Apart from layer thickness, we also consider how other physical properties of 
capping layer (i.e., spin diffusion length 𝑙𝑠𝑓
𝐶𝑎𝑝
 and resistivity 𝜌𝐶𝑎𝑝 ) may affect the 
magnitude of spin Hall torque. In practice, 𝑙𝑠𝑓
𝐶𝑎𝑝
 can be modulated by introducing 
impurities with strong spin-orbit coupling within the capping layer. We find that a 
strong spin depolarization in the capping layer (i.e. short 𝑙𝑠𝑓
𝐶𝑎𝑝
) results in a reduction in 
spin Hall torque exerting to the FM layer for both case i) 𝜃𝐶𝑎𝑝 = 0 and case ii) 𝜃𝐶𝑎𝑝 <
0 shown in Fig. 5. This suggests that spin relaxation in the capping layer could have 
an effect in suppressing SOT in the FM layer. Comparing cases i) and ii), both give a 
similar trend of increasing SOT with 𝑙𝑠𝑓
𝐶𝑎𝑝
 , but with markedly different degrees of 
change. As the yellow dotted line shows, in the presence of SHE in the capping layer, 
i.e. case ii), the magnitude of spin Hall torque increases around 10% as 𝑙𝑠𝑓
𝐶𝑎𝑝
 changes 
from 0.1 to 10 nm. However, for case i) plotted as the blue solid line, the relative 
increase in the magnitude of spin Hall torque is negligible (~ 0.02%). This suggests that 
one could use a capping layer material with long 𝑙𝑠𝑓
𝐶𝑎𝑝
 to effectively enhance the spin 
Hall torque in the situation where there is a strong spin Hall effect in the capping layer 
      
 
FIG. 5. The normalized torque as a function of capping spin diffusion length 𝑙𝑠𝑓
𝐶𝑎𝑝
 from 0.1 nm to 
10 nm with NM as capping layer (i.e., 𝜃𝐶𝑎𝑝 = 0, blue solid line) and HM as capping layer (i.e., 
𝜃𝐶𝑎𝑝 < 0, yellow dotted line). The inset shows the magnified view of the data for 𝜃𝐶𝑎𝑝 = 0. 
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[case ii)]. This effect significantly diminishes when there is no SHE in the capping layer. 
Finally, we investigate the effect of capping resistivity 𝜌𝐶𝑎𝑝 on the spin Hall 
torque for case i) 𝜃𝐶𝑎𝑝 = 0 and case ii) 𝜃𝐶𝑎𝑝 < 0. In general, a high 𝜌𝐶𝑎𝑝 gives rise 
to a high spin Hall torque for both cases as shown in Fig. 6. Numerically, we found that 
a higher 𝜌𝐶𝑎𝑝 tends to increase the transverse spin accumulation at both interfaces 
𝑧 = 𝐿1 and 𝐿2, with both contributions resulting in increased torque exerted on the 
FM layer. This trend is also consistent with the previous studies on the capping layer 
effect on spin-valve structures in Refs. 18 and 19.  
From the above results, we can make two observations:  
a) The spin Hall torque can be enhanced significantly by the presence of SHE in 
the capping layer with an opposite spin Hall angle, in the case of which the spin Hall 
torque can be further optimized by tuning 𝑡𝐶𝑎𝑝 to coincide with the torque maxima, as 
shown in Fig. 2(b). Whether the capping layer possesses SHE or not gives rise to 
different layer thickness dependence of spin Hall torque. When there is no SHE in the 
capping layer (𝜃𝐶𝑎𝑝 = 0), spin Hall torque decreases monotonically with increasing 
𝑡𝐶𝑎𝑝  in Fig. 2(a), without the torque maximum observed in the 𝜃𝐶𝑎𝑝 < 0  case. 
Meanwhile, spin Hall torque gives a similar decreasing trend with increasing 𝑡𝐹𝑀 for 
both  𝜃𝐶𝑎𝑝 = 0 and  𝜃𝐶𝑎𝑝 < 0 (Fig. 3). The thickness dependence of the spin torque 
as predicted by our model bears close correspondence to available experimental 
results;8-11 
                 
FIG. 6. The normalized torque as a function of capping spin resistivity 𝜌𝐶𝑎𝑝 from 1 μΩ ∙ cm to 
10 μΩ ∙ cm with NM as capping layer (i.e., 𝜃𝐶𝑎𝑝 = 0, blue solid line) and HM as capping layer (i.e., 
𝜃𝐶𝑎𝑝 < 0, yellow dotted line).  
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b) The physical properties of the capping layer can affect the spin torque exerted on 
the FM layer. A capping layer with a long 𝑙𝑠𝑓
𝐶𝑎𝑝
 and high resistivity tends to enhance 
the magnitude of spin Hall torque, leading to an increase in the overall SOT. 
In closing, we comment on the limits of the applicability of our model which does 
not include the interfacial spin-orbit effects. It has been indicated that interfacial spin-
orbit effects play an essential role in the analysis of spin transport in multilayers both 
experimentally31,32 and theoretically22,33-35, and contribute to spin accumulation and 
spin currents at the HM/FM interface. Based on Amin’s SDD model22,33 which has 
incorporated interfacial spin-orbit effects, our present model may be extended to 
include the interfacial spin-orbit effects by modifying the interfacial conductance 
values used in the boundary conditions by additional spin current terms, e.g., to account 
for spin memory loss due to spin-orbit coupling at the interface. However, further work 
needs to be done to determine the appropriate interfacial parameters in the Amin’s 
model which are consistent with the parameters for bulk spin Hall effect in our model. 
 
IV. CONCLUSION 
   This study presents a theoretical model based on the spin-drift-diffusion (SDD) 
theory to study the capping layer effect on spin Hall torque. It is found that spin Hall 
torque can be significantly enhanced by using a capping layer with an opposite spin 
Hall angle to the HM. With this SHE in the capping layer, the capping layer thickness 
𝑡𝐶𝑎𝑝  can be optimized to maximize the spin Hall torque. However, this torque 
maximum is absent for a capping layer with zero spin Hall angle (i.e., the capping layer 
acts only as a protective layer), for which the spin Hall torque decreases monotonically 
with increasing 𝑡𝐶𝑎𝑝 . The predicted dependence of the spin torque on the layer 
thicknesses is in agreement with available experimental results. In addition to the layer 
thickness, we also analyzed the influence of 𝑙𝑠𝑓
𝐶𝑎𝑝
 and 𝜌𝐶𝑎𝑝 on the spin Hall torque. 
Our simulation suggests that a capping layer with a long 𝑙𝑠𝑓
𝐶𝑎𝑝
 and high 𝜌𝐶𝑎𝑝 leads to 
an enhanced magnitude of spin Hall torque. Therefore, our model suggests the 
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optimization of capping layer properties as an avenue to enhance the overall SOT, a key 
requirement in spin torque-based spintronic devices.   
 
ACKNOWLEDGMENTS  
This work is supported by the Singapore National Research Foundation (NRF), Prime 
Minister’s Office, under its Competitive Research Programme (NRF CRP12-2013-01, 
NUS Grant No. R-263-000-B30-281), as well as the MOE-AcRF Tier-II grants: 
MOE2013-T2-2-125 (NUS Grant No. R-263-000-B10-112) and MOE2015-T2-1-099 
(NUS Grant No. R-380-000-012-112). 
 
Appendix: Derivation of transverse spin current boundary conditions 
We introduce a “transmission matrix” ?̂? that gives the transmission probability of the 
source state  |𝑠𝑎〉 into the drain state|𝑑𝑏〉 , where 𝑎 and 𝑏 index the eigenspinor 
states at the source and drain segments, respectively. Explicitly, ?̂? = ∑ |𝑑𝑏〉𝑡𝑏𝑎𝑎,𝑏 〈𝑠𝑎|, 
so that  
?̂? |𝑠𝑎〉 =  ∑ |𝑑𝑏〉𝑡𝑏𝑎𝑏                        (A1) 
where 𝑡𝑏𝑎 is the transmission probability from source state 𝑎 to the drain state 𝑏. 
 
The density matrix at the drain due to state |𝑠𝑎〉 being transmitted through the interface 
is given by 𝜌𝑑
𝑎 = ?̂? |𝑠𝑎〉 〈𝑠𝑎|?̂?
† . eet us consider the case of |𝑠𝑎〉 = |+𝑥〉 , a state 
perfectly polarized in the +𝑥 direction. Then, 𝜌𝑑
+𝑥 = ?̂? |+𝑥〉〈+𝑥|?̂?† can be thought 
of as the density matrix for the transmitted drain state corresponding to the source state 
polarized in the +𝑥 direction.  
 
More generally, the resulting drain density matrix 𝜌𝑑   due to the transmission of a 
mixture of source states corresponding to the source density matrix 𝜌𝑠 can be written 
as 𝜌𝑑 = ?̂?𝜌𝑆 ?̂?
†. For example, consider a source density matrix with populations 𝑛±𝑥 
for the +𝑥  and – 𝑥  polarized spins, respectively, i.e. 𝜌𝑆 = |+𝑥⟩𝑛+⟨+𝑥| +
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 |+𝑥⟩𝑛−⟨+𝑥| . We then have 𝜌𝑆 =
1
2
( (|+𝑥⟩ ⟨+𝑥| + |−𝑥⟩ ⟨−𝑥|)(𝑛+ + 𝑛−) +
  (|+𝑥⟩ ⟨+𝑥| − |−𝑥⟩ ⟨−𝑥|)(𝑛+ − 𝑛−) ) =
1
2
(𝑰2𝑛𝑞 + 𝜎𝑥𝑛𝑥) ≈  
𝑒
2
(𝑰2𝜇𝑞 + 𝜎𝑥𝜇𝑥). From 
this, we see that the electrochemical potential 𝜇𝑎  for the spin polarization 𝑎  is 
associated with the 𝜎𝑎  operator. Both 𝜎𝑎  and 𝜇𝑎  are related to the imbalance 
between the spins polarized along +𝑎 and −𝑎.  
 
𝜌𝑑 can be decomposed into components pointing in the various spin directions by using 
the prescription that for an arbitrary (2 × 2)  matrix ?̂? = ∑ ?̂?𝑖𝑐𝑖 𝑖={𝐼,𝑥,𝑦,𝑧}  , we have 
𝑐𝑖 =
1
2
Tr(?̂? ?̂?𝑖) where ?̂?𝐼 = 𝑰2. The resulting spin polarization 𝑏 in the drain segment 
due to a source spin of polarization 𝑎  incident on the interface is then 𝜌𝑑
𝑎𝑏 =
1
4
Tr(?̂??̂?𝑎?̂?
†?̂?𝑏).  
 
The FM magnetization leads to anisotropic tunneling and reflection probabilities 
between charge carriers of different spin orientations, with the reference spin axis being 
along ?̂?, where ?̂? denotes the FM magnetization direction. Thus, ?̂? takes the form 
of 25 
?̂? = 𝑡0𝑰2 + 𝛿𝑡(?⃗? ⋅ ?̂?). 
 
We set the spin 𝑧  direction to be along ?̂? , so that ?̂? = |↑〉𝑡↑〈↑| +  |↓〉𝑡↓〈↓|   with 
𝑡↑/↓ = 𝑡0 ± 𝛿𝑡. (The 𝑡↑  here is in fact the 𝑡↑↑ in Eq. A1 except that we have omitted 
the second up arrow for notational simplicity.) Considering the spin polarization 𝑥 in 
the drain segment, it then follows that  
 
Tr(?̂? ?̂?𝑥 ?̂?
† ?̂?𝑥) =   2Re(𝑡↓
∗𝑡↑); 
Tr(?̂? ?̂?𝑦 ?̂?
† ?̂?𝑥) =  −2Im(𝑡↑
∗𝑡↓); 
 Tr(?̂? ?̂?𝑧 ?̂?
† ?̂?𝑥) =  0                            (A2)                 
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eet us define 𝐺↑↓
𝑡 ≡
𝑒2
4 ℏ
𝑡↑
∗𝑡↓,  where the superscript 𝑡  stands for “transmission”. 
Similarly, we can also define a corresponding  𝐺↑↓
𝑟  where we consider the states at the 
drain segment due to the reflection of drain states at the interface back to the drain 
segment. Thus, for a spin 𝑥 current at the drain segment, we have, by considering Eq. 
(A2), contributions from spin 𝑥 and 𝑦 states incident on both the source (transmitted 
contribution) and drain (reflected contribution) sides of the interface, giving  𝑗𝑠,𝑥|𝑑 =
 2 (Re(𝐺↑↓
𝑡 )𝜇𝑠,𝑥,|𝑠 − Im(𝐺↑↓
𝑡 )𝜇𝑠,𝑦,|𝑠 + Im(𝐺↑↓
𝑟 )𝜇𝑠,𝑦,|𝑑 − Re(𝐺↑↓
𝑟 )𝜇𝑠,𝑥,|𝑠,𝑑). 
 
Here, we define positive current to be flowing from the source to the drain direction. 
Thus, taking 𝐺↑↓ > 0 , the reflection of drain states at the interface would yield a 
negative contribution to the current. Similarly, for the 𝑦 polarization in the drain, we 
have  
Tr(?̂? ?̂?𝑥 ?̂?
† ?̂?𝑦) =  2Im(𝑡↑
∗𝑡↓ ); 
Tr(?̂? ?̂?𝑦 ?̂?
† ?̂?𝑦) =   2Re(𝑡↑
∗𝑡↓); 
 Tr(?̂? ?̂?𝑧?̂?
† ?̂?𝑦) =  0.                       (A3) 
 
Finally, the corresponding relations for the spin currents at the source side of the 
interface, i.e. 𝑗𝑠,𝑥|𝑠 and 𝑗𝑠,𝑦|𝑠 follow analogously. 
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